INTRODUCTION
Let (a; q) ∞ denote the infinite product (n!) 2 k 2n = π 2 ϕ 2 (q), (0 < k < 1), (1.4) and set K ′ = K(k ′ ), where k ′ = √ 1 − k 2 is the so called complementary modulus of k.
It is classical to set q(k) = e −πK(k ′ )/K(k) so that q is one-to-one and increases from 0 to 1. Setting α = k 2 one knows that ) and suppose that the following equality
holds for some positive integer n 1 . Then a modular equation of degree n 1 is a relation between the moduli k and ℓ 1 which is induced by (1.7). Following Ramanujan, set α = k 2 and β = ℓ 2 1 . We say that β is of degree n 1 over α. The multiplier m, corresponding to the degree n 1 , is defined by
. By using the transformation formulae for theta-functions recorded by Ramanujan for theta-functions f (q) and ϕ(q), J. Yi [10] introduced parameters r k,n and r ′ k,n as follows:
, where
She also introduced h k,n and h ′ k,n as follows:
, where 12) and systematically studied several properties and also found plethora of explicit evaluations of r k,n , r ′ k,n , h k,n and h ′ k,n for different positive real values of n and k. In [1] , the authors derived a new transformation formula for theta-function ψ(−q), this transformation formula was studied by Baruah and Nipen Saikia [3] and Yi, Y. Lee and D.
H. Paek [12] through parameters l k,n and l ′ k,n as follows:
and established several evaluations of l k,n and l Recently, Nipen Sikia [8] by using one of the transformation formula recorded by Ramanujan introduced the following parameter A k,n as
where n and k are positive real numbers. He studied several properties and established some general theorems for the explicit evaluations of A k,n .
We define a new parameter A ′ k,n for any positive real numbers n and k as: Definition 1.1. For and positive rationals n and k, define
This work is organized as follows. Some notations and background results are listed in Section 2. We derive new modular equations involving theta-functions ϕ and ψ in Section 
PRELIMINARY RESULTS
In this section, we list few theta-function identities involving theta-functions ϕ and ψ which are useful in deriving modular equations. 
3) 
We end this section by listing few values of r 2,n found out by Yi in her thesis [10] .
Lemma 2.6. We have
SOME NEW NEW MODULAR EQUATIONS
In this section, we establish few theta-function identities involving ϕ and ψ which play key role in establishing some general Theorems for explicit evaluations is A 4,n , A ′ 4,n , and h ′ 2,n for some rationals n.
Proof. Invoking (2.1), we arrive at (3.1).
, then
Proof. Using (2.4), we arrive at (3.2).
and
Proof. Using (2.5), we arrive at (3.3).
Proof. Equation (2.2) can be rewritten as
Using (2.1) in the above equation, we arrive at (3.6).
Proof. Squaring equation (3.6), we have
Using (2.4) in the above equation, we arrive at (3.7).
Proof. Squaring equation (3.8), we have
Using (2.5) in the above equation, we arrive at (3.10).
Lemma 3.8.
Proof. From (1.5) and (1.6), we have
Using equations (1.5) and (2.6), we get
Substituting for α from (3.12) in above equation, we arrive at (3.11).
Proof. Using (2.7) and (2.15), we have
Invoking (2.14) the above equation can be written as
On factorizing above equation, we arrive at (3.14) which completes the proof.
Remark 3.2. By transcribing (3.14) using the definition of A ′ 3,n and h 3,n one can find evaluation of A ′ 3,n for some positive rationals n by using the values of h 3,n .
Proof. Transcribing P and Q by using (1.5) and (2.9), we obtain
Employing (3.18) in the equation (2.10), we arrive at
It is observed that for |q| < 1, the second factor Q 2 P 2 + 4Q 2 P + 4Q 2 + 16QP + 32P + 4QP 2 + 8P 2 = 0. Thus the first factor i.e.,
Dividing the above equation by P Q and then rearranging, we arrive at (3.17) to complete the proof.
Throughout this section, we set
Theorem 3.4. We have
Proof. Let us begin the proof by setting
Transcribing P and Q by using the (1.5) and (2.9), we obtain
Ramanujan's modular equations of degree three in (2.11) can be written as
Again invoking (1.5) and (2.9) in the above equality and set A 3 := P Q and B 3 = P/Q, we arrive at (3.21) to complete the proof. 
Proof. The proof of the (3.24) is similar to the proof of the equation (3.22) , except that we use Ramanujan's modular equations of degree seven (2.13), hence we omit the proof.
EXPLICIT EVALUATION OF
In this section, we establish some general theorems for explicit evaluation of A k,n and A ′ k,n by using the modular equations established in Section 3.
Lemma 4.1. For any positive rational n, we have 
By using the definition of A k,n for k =1/2 and r k,n for k =2, we complete the proof of (4.1).
Lemma 4.2. Let n and k be any two positive rational such that k > 1, we have
Proof. By using the definition of theta functions ϕ(q), ψ(q) and f (−q) , we have
By using the definitions of A ′ k,n and r k,n in (4.4), we arrive at required result. 
10)
Proof. The proof of the above Theorem follows from Lemma 4.1 and the corresponding values of r 2,n from Lemma 2.6.
Theorem 4.2.
For any positive real number n, we have where a = 1 + √ 2.
To establish the values of A 4,n listed in the above Theorem, we use the definition of A k,n for k =4 and modular equations established in the Section 3.
Proof of (4.13). Transcribing (3.17) by using the definition of A 4,n , we have
where A n = A 4,n and A 4n = A 4,4n .
Set n = 1/2 in the above equaton and using the fact that A 4,2 A 4,1/2 = 1, we have
Since the roots of the second factor has no real roots, hence on solving h 2 − 2h − √ 2 = 0 and since A 4,2 > 1, we arrive at (4.13) to complete the proof.
Proof of (4.14). Transcribing (3.21) by using the definition of A 4,n , we have
where A n = A 4,n and A 9n = A 4,9n .
Set n = 1/2 in the above equation and using the fact that A 4,3 A 4,1/3 = 1, we have
where h := A 4,3 .
Since A 4,3 > 1, hence on solving
we arrive at (4.14) to complete the proof.
The values of A 4,1/n for n = 2, 3, 4, 7, 8, 9, 12 and 28 can easily be found by using the fact that A 4,n A 4,1/n = 1.
Proof of (4.15). Setting n = 1 in (4.21) and using the fact that A 4,1 = 1, we get Set n = 1/7 in the above equation and knowing the fact that A 4,7 A 4,1/7 = 1, then A 7 = 8 and B 7 = 1/H 2 . Using A 7 and B 7 in (3.25) and factorizing, we arrive at
where H = A 4,7 .
Since A 4,7 > 1, hence on solving H 2 − (12 + 7 √ 2)H + 1 = 0, we arrive at (4.16) to complete the proof.
We observe that (4.21) results in a quadratic equation in A 4,4n for any know value of A 4,n . We use the value of A 4,2 to get A 4,8 , A 4,3 to get A 4,12 , A 4,7 to get A 4,28 respectively.
Hence we omit the proof. The values of A 4,1/n where n ∈ {2, 3, 4, 7, 8, 9, 12, 24} can be easily found out by the fact that A 4,n A 4,1/n = 1. 
Theorem 4.4. We have
A ′ 4,1 = 1 + √ 2, (4.28) A ′ 4,2 = 1 + √ 2 + 1 + √ 2, (4.29) A ′ 4,3 = ( √ 2 + √ 3)(1 + √ 3) √ 2 , (4.30) A ′ 4,4 = 12 + 8 √ 2 + 8 + 6 √ 2 (4.31) A ′ 4,7 = (3 + √ 7)(3 + 2 √ 2) √ 2 (4.32) A ′ 4,9 = 108 + 62 √ 3 + 44 √ 6 + 76 √ 2 + 93 + 66 √ 2 + 38 √ 6 + 54 √ 3,(4.
MODULAR FUNCTION OF LEVEL 16
Recently, Dongxi Ye [9] developed and studied a modular function of Level 16 which is an analogue of Ramanujan's theories of elliptic functions to alternate bases. For |q| < 1,
In his work, he established some basic properties involving h and Ramanujan's theta function. In the following Lemma, we list one of the relation Lemma 5.1. We have
He established modular relation for h(q) connecting with h(−q), h(q 2 ), h(q 4 ) and h(q 8 ). Note that in Section 3, we have provided algebraic relations between ϕ(−q) qψ(q 8 ) and
for n ∈ 3 and 5 using which one can establish relation connecting h(q) with h(q n ), for n ∈ 3 and 5. We list the relation in the following Theorem, set u := h(q) and
Proof. Theorem 5.1 follows from the definition of h(q) and equations (3.21) and (3.24).
Theorem 5.2. For any positive real number n, we have
Proof. By using the definition of h(q) and A 4,n , we arrive at (5.3).
Lemma 5.2. We have 
EXPLICIT EVALUATION
In this section, we list applications of modular equations found in Section 3 to derive few relations connecting the parameters A k,n with h ′ 2,n . We begin this section by listing few explicit evaluations of h ′ 2,n for different real number n. Theorem 6.1. We have Proof. When we transcribe (3.5) by using the definition of h ′ 2,n and A 4,n , we get
where h := h ′ 2,n/8 and A := A 4,n . Note that the above equation is general formula to explicitly evaluate h 2,n/8 for any positive rationals n. We prove few values listed in above Theorem 6.1. For proof of (6.1), letting n = 1 in (6.9) we know that A 4,1 = 1, we find that Solving the above equation for h 2,1/8 and using the fact that h 2,1/8 > 1, we complete the proof.
For (6.2)-(6.8), we repeat the same argument as in the proof of (6.1) to complete the proof.
Theorem 6.2. We have
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Proof. When we transcribe (3.7) by using the definition of h ′ 2,n and A 2,n , we get
where h := h ′ 2,n/4 and A := A 2,n . Note that the above equation is general formula to explicitly evaluate h 2,n/8 for any positive rationals n. For brevity we prove (6.11) and (6.12). Put n = 1 in (6.16) and using the fact that A 2,1 = 1, we have √ 2 = 2h 4 + 1, (6.17)
On solving the above equation and since h ′ 2,1/4 > 1, we arrive at (6.11). For proof of (6.12), we let n = 3 and using the value of A 2,3 = (
found by Saikia [8] in (6.16), we get
On solving the above equation and noting that h 2,3/4 > 1, we arrive at the (6.12).
For (6.13)-(6.15), we repeat the same argument as in the proof of (6.12) except we use the values of A 2,1/3 , A 2,9 and A 2,1/9 respectively obtained by Saikia [8] . Proof. Transcribing (3.9) by using the definition of h ′ 2,n and A 1,n , we arrive at (6.19). where h := h ′ 2,n and A := A 1/2,n Note that the above equation is general formula to explicitly evaluate h 2,n for any positive rationals n. For brevity we prove (6.20). Put n = 1 in (6.25) and using the fact that A 1/2,1 = 1, we have and repeat the same argument as in the proof of (6.12), to complete the proof.
